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Mechanical characterisation of
supernumerary robotic tails for
human balance augmentation
Humans are intrinsically unstable in quiet stance from a rigid body system viewpoint;
however, they maintain balance thanks to neuro-muscular sensory control properties.
With increasing levels of balance related incidents in industrial and ageing populations
globally each year, the development of assistive mechanisms to augment human balance
is paramount. This work investigates the mechanical characteristics of kinematically
dissimilar one and two degrees-of-freedom supernumerary robotic tails for balance aug-
mentation. Through dynamic simulations and manipulability assessments, the importance
of variable coupling inertia in creating a sufficient reaction torque is highlighted. It is
shown that two-dof tails with solely revolute joints are best suited to address the balance
augmentation issue. Within the two-dof options, the characteristics of open versus closed
loop tails is investigated, with the ultimate design selection requiring trade-offs between
environmental workspace, biomechanical factors and manufacturing ease to be made.

Keywords: Supernumerary Robotic Limbs; Human Balance; Dynamics; Wearable
Robotics; Human Performance Augmentation; Physical Human-Robot Interaction

1 Introduction
Fall related incidents are a leading cause of accidental injury

and fatalities, with over 684 000 fall related deaths and a further
172 million falls that result in either short or long term disability
a year [1]. Those at greatest risk of suffering such incidents are
industrial workers and the ageing population. In recent years, the
utilisation of wearable assistive devices to augment human balance
have been researched; with occupational back support exoskeletons
for workplace intervention [2,3] and lower limb exoskeletons for
the general population [4–6] having promising results. Due to
being attached in parallel with the natural limbs of the wearer;
exoskeletons share the same kinematic properties as the assisted
limb but the added mass and footprint of the wearable device can
hinder the natural motion capabilities of the limbs.

Supernumerary robotic limbs attach to the human body and
work with the natural limbs to extend the kinematic workspace.
Hence, they have key characteristics to facilitate augmentation of
human balance. Previous works of supernumerary limbs for bal-
ance assistance have focussed on extra robotic legs to increase
the base of support (BoS) during walking gait [7–9], increasing
comfort and posture in near-ground work [10], and for bracing in
assembly and overhead tasks to increase the support polygon and
reduce muscular loads [11,12]. Increasing the BoS improves the
stability of balance as force is distributed through the ground via
more contact points. However, this comes at the cost of increasing
the overall footprint of the human which could be an issue due to
environmental workspace constraints.

Control moment gyroscopic (CMG) assist systems and super-
numerary robotic tails (SRTs) provide human balance assistance
without augmenting the BoS. In CMG systems, the principal of
precession is utilised to counteract the torque caused by postural
sway [13,14]. Supernumerary tails take inspiration from nature
where animals use them for motion and balance augmentation;
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with a seahorse inspired pneumatically actuated tail [15] and a
one-degree-of-freedom (dof) swinging rigid link tail in the coronal
plane [16] being the current state of the art. Further, research has
been conducted into the use of robotic tails to improve manoeu-
vrability of mobile robots [17–19]. However, these results are not
directly transferable to augment human balance as mobile robots
have a larger BoS and different mass specification such as weight
and a lower CoM. For instance, the mobile robot considered in
[17] is 0.177 kg, significantly less than that of an average human.
Importantly, the problem of balance augmentation of humans is
more complex as design and control of a supernumerary tail needs
to complement the biology of the human body. This is very dif-
ferent from the mobile robots cited above where the design and
control of robotic tails’ were considered from initial development
and naturally belong to the mobile robot. Hence, the domain of
supernumerary tails is still in its infancy, with their ideal kinematic
structure remaining an open question worthy of a thorough system-
atic investigation. Therefore, the novelty of this work is to explore
how different kinematic configurations effect balancing capabilities
which will help facilitate the mechanical design and control of a
supernumerary robotic tail for human balance augmentation. This
analysis of possible kinematic configurations for supernumerary
robotic tails has not been conducted in previous works.

Our recent work, investigated the ability of a one-dof revolute
robotic tail to augment quiet standing balance [20]. In this work,
the kinematic and dynamic characteristics of a series of one and
two-dof robotic tails, and their suitability to augment human bal-
ance against gravitational instability is examined. This investiga-
tion utilises fundamental techniques of rigid body dynamics and
control theory. As such, this is the first fundamental study to
conclusively investigate and understand the ideal kinematic config-
uration of wearable robotic tails for human use. It is organised as
follows; the necessary theoretical framework is presented in Sec-
tion 2. An investigation into one-dof tails is conducted in Section
3 followed by two-dof tails in Section 4, with the major outcomes
and future avenues of research in the field of supernumerary robotic
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tails highlighted in Section 5.

2 System Modelling and Control
Balance of humans requires the synergistic control of mechan-

ical limbs with sensory inputs from vestibular, visual and somatic
systems. Quiet standing analysis has shown that a human in an
upright pose can be modelled as an inherently unstable single in-
verted pendulum (SIP) [21–23]. Due to the musculoskeletal and
sensorimotor systems, the toppling torque induced by the gravita-
tional force is negated and balance is maintained so long as the
centre-of-mass (CoM) is within the BoS. As such, the SIP model
of quiet standing is used in this work whereby a human with hands
by the side is represented as one rigid body, with one-dof at the
ankle joint in the sagittal plane.

The centre-of-mass of a human in a completely balanced posi-
tion is located in the axis which gravity acts but opposing direction.
Hence, a human will theoretically remain balanced against grav-
ity unless perturbed by an external disturbance. If the arms are
placed in front of the torso holding a load of mass 𝑚𝑙 , the CoM
of the system (human and load)—denoted as 𝑚𝑠 in Fig. 1—is dis-
placed slightly forward leading to potential gravitational instability.
Hence, suitable control action is required by the human to prevent
loss of balance. As the duration of quiet standing grows, muscle
fatigue and delay due to mental tiredness will increase irrespective
of physical ability, hindering maintaining upright posture. It is
hypothesised that a balancing tail can assist in compensating for
the unstable dynamics in the quiet standing model. The remain-
der of this section models a human and summarises the theoretical
frameworks paramount to this investigation.

Fig. 1 A supernumerary tail aims to prevent a user from
falling when their CoM exceeds the BoS. The parameter as-
signment of the human is shown on the right with the CoM of
segments indicated as ⊗

2.1 Human Parameters . Due to the assumption of the SIP
model of stance in an upright pose, it is suffice to consider the
body (legs, trunk, head), forearm and load denoted as 𝑚𝑏 , 𝑚𝑎 and
𝑚𝑙 respectively in Fig. 1 as one rigid body. Hence, the CoM of
the composite rigid body system can be found in the global base
frame F0, shown as 𝑚𝑠 in Fig. 1. A moving frame F1 is attached
to the ankle joint to represent the rotation of the human body by
angle 𝑞1. As such, the general transformation between frames is

𝑖T𝑖+1 =

[︃
Q𝑧 (𝑞𝑖+1) 𝑖p𝑖+1 (𝑞𝑖+1)

0 1

]︃
(1)

0T𝑛 = 0T1
1T2 . . .

𝑛−1 T𝑛 (2)

where Q𝑧 is the rotation matrix about the 𝑧-axis, 𝑖p𝑖+1 the vector
between the origins of F𝑖 and F𝑖+1 in F𝑖 which are functions of
𝑞𝑖 , the 𝑖-th generalised joint co-ordinate.

The geometric and mass parameters2 related to Fig. 1 are tabu-
lated in Table 1 with the inertia of the human in the sagittal plane
being 12.9 kg-m2 [24].

Table 1 The parameters with respect to Fig. 1. Distances have
units of metres and mass in kilograms.

Segment (𝑖) ℎ𝑖 𝑙𝑖 𝑚𝑖

Body (𝑏) 0.997 ℎ = 1.8 78.2
Arm (𝑎) 1.11 0.225 4
Load (𝑙) 1.23 0.354 5

2.2 Dynamic Model . The dynamical equation of a rigid body
system in terms of the motion variables can be expressed as

q̈ = M𝑞 (q)−1 (︁
−C𝑞 (q, q̇) q̇ − G𝑞 (q) + Su + u𝑝

)︁
(3)

where q are the generalised joint coordinates, M𝑞 (q) is the 𝑛 × 𝑛

generalised inertia matrix, C𝑞 (q, q̇) is an 𝑛×𝑛 matrix related to the
centripetal/Coriolis torques, G𝑞 (q) the vector of gravity forces, u
and u𝑝 are generalised active and passive forces and S is an 𝑛 × 𝑛

diagonal matrix that selects whether the joint is an active (1) or
passive (0) input. These matrices can be found from an inverse
dynamic modelling method such as Newton-Euler, Lagrangian or
Natural Orthogonal Complement [25,26].

Defining the state vector x =
[︁
q𝑇 , q̇𝑇

]︁𝑇 , Eq. (3) can be trans-
formed into a system of first order ordinary differential equations
(ODEs) i.e.

ẋ =

[︃
q̇

−M𝑞
−1 (︁

C𝑞 q̇ + G𝑞

)︁ ]︃ + [︃
0

M𝑞
−1S

]︃
u +

[︃
0

M𝑞
−1

]︃
u𝑝 (4)

From Eq. (4), it is evident that the generalised inertia matrix M𝑞

is critical in the open loop response of the system, and how the
control input u is transformed to impact the response. As such, the
structure and inertial properties of a tail are significant in how it
augments human balance.

As the system dynamics are non-linear, control design can be
complex. Linearisation about a operating region represented as a
stationary point (x̄, ū) allows for concepts of linear time invariant
(LTI) systems to be applied. For human balance, the operational
point of interest is the upright posture. Linearising Eq. (4), the
linearised state model can be derived as

ẋ = Ax + Bu (5a)

A =

[︄
0 1

−M𝑞
−1

(︂
𝜕G𝑞

𝜕q + 𝜕u𝑝

𝜕q

)︂
−M𝑞

−1
(︂
C𝑞 + 𝜕u𝑝

𝜕q̇

)︂]︄ |︁|︁|︁|︁|︁x=x̄
u=ū

(5b)

B =

[︃
0

M𝑞
−1S

]︃ |︁|︁|︁|︁x=x̄
u=ū

(5c)

with A a 𝑛 × 𝑛 matrix and B a 𝑛 × 𝑚 matrix; 𝑛 representing the
number of states, 𝑚 the number of control inputs. The eigenvalues
of the state matrix A represent the open-loop poles of the system
and indicate the inherent stability of the system. If u is null, the
dynamics governed by Eq. (5) will drive a stable system to the
state vector x = 0, i.e. zero change around the stationary point x̄.
For an unstable set of open loop poles, the states x → ∞ and the
use of control action u is required to stabilise the system (if it is
controllable). Using LTI theory, full state feedback controllers of
the form u = Kx can be developed to regulate the dynamics of the
system to the stationary point, where K is a gain matrix. This is
sufficient to analyse the characteristics of kinematically dissimilar
SRTs to augment human balance.

2Note, for the arm, 𝑙𝑎 is reported as half the total length of the segments and the
mass corresponds to two arms.
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2.3 Human Control . The mechanical stiffness of a human
ankle is less than the critical stiffness required to negate gravita-
tional torque. As such, balance is maintained with assistance of a
neural control element that has an associated time delay [21,23].
These properties can be modelled as passive inputs u𝑝 in terms of
the states of the system i.e.

u𝑝 = u𝑎𝑛𝑘 + u𝑛𝑚 (6)

u𝑎𝑛𝑘 = 𝜅𝑝 (𝑞̄1 − 𝑞1) + 𝜅𝑑
(︁
̇̄𝑞1 − 𝑞̇1

)︁
u𝑛𝑚 = 𝑘𝑝 (𝑞̄1 − 𝑞1 (𝑡 − 𝜏𝑑)) + 𝑘𝑑

(︁
̇̄𝑞1 − 𝑞̇1 (𝑡 − 𝜏𝑑)

)︁
where u𝑎𝑛𝑘 is a stiffness model of the ankle joint and u𝑛𝑚 is the
neural control input with time delay 𝜏𝑑 .

Due to the saddle-type instability associated with upright stance;
intermittent control paradigms have been proposed to explain neu-
romechanical control in quiet standing [23,27]. The time delay
converts the ODE of Eq. (5) to a delay differential equation with
infinite poles. As 𝜏𝑑 → ∞, the u𝑛𝑚 term becomes insignificant
in control. This is symbolic of increasing strain on the neuro-
controller due to mental tiredness, inherent motor control disor-
ders or potential momentary loss of vestibular or somatic function,
i.e. situations where a balancing robotic tail is of increased value.
As this investigation is a fundamental insight into the mechanical
characterisation of SRTs and not their optimal control, the worst
case scenario of large neuromechanical delay is considered, i.e.
u𝑛𝑚 = 0. This allows for more in-depth insight into the me-
chanical characteristics of potential tails to be made. As such,
u𝑝 = u𝑎𝑛𝑘 in this work with values of 𝜅𝑝 = 494 Nm · rad−1 and
𝜅𝑑 = 30 Nm · s · rad−1 in line with [23].

2.4 Dynamic Manipulability . An assessment methodology
is required to compare differing kinematic supernumerary tails.
Equation (3) indicates that the generalised inertia matrix M𝑞 is
paramount in shaping the response of a system and how control
inputs are mapped. Dynamic manipulability measures have been
proposed to indicate the feasible operational space accelerations
that generalised actuator forces create in joint space. Azad et al.
[28] proposed the bounded-torque weighting matrix to assess the
role of actuators in the manipulability of a particular point of a
robot. This is applicable to SRTs whereby the CoM of the global
system (human and tail) is the point of interest.

The kinematic mapping of the twist t of a point (i.e. the spatial
velocity) in terms of the rates of the generalised co-ordinates q̇ is
given via the Jacobian relationship, i.e.

t = Jq̇ (7)

Substituting Eq. (7) into Eq. (3), the dynamical equation can
be written in operational space as

ṫ = −JM−1
𝑞

(︁
C𝑞 + G𝑞

)︁
+ JM−1

𝑞 u = ṫ𝑐𝑔 + J𝑡u (8)

where ṫ𝑐𝑔 is the operational acceleration due to gravitational and
centripetal/Coriolis effects and J𝑡 = JM−1

𝑞 .
Using Eq. (8), a manipulability ellipsoid can be defined with

manipulability matrix [28]

𝚲 = J𝑡W−1J𝑇𝑡 (9)

where W is a 𝑘 × 𝑘 weight matrix that applies a unit weighted
norm on the actuators of the system. The axes of this ellipsoid are
the eigenvalues 𝜆 of 𝚲. From definition of J𝑡 , it is evident that 𝜆
are dependent on the kinematic and inertial properties of the sys-
tem and thus will provide meaningful insight into the mechanical
characteristics of potential SRTs to augment human balance.

Fig. 2 The manipulability ellipsoid associated with a weight
matrix W that has bounds on maximum torques of the actua-
tors. The ability of the actuators to accelerate the system in
the direction v is shown as the distance δ while the major and
minor axes of the ellipsoid associated with eigenvalues λ of 𝚲
are [28]

Nevertheless, the manipulability ellipsoid is also dependent on
the selection of the weighting matrix W [28]

W =
1
𝑘
diag

(︄[︄
1

𝑢2
1𝑚𝑎𝑥

· · · 1
𝑢2
𝑘𝑚𝑎𝑥

]︄)︄
(10)

which represents a bound on the maximum available torque for
each of the 𝑘 actuators. This selection models that each actuator
has it’s own characteristics, i.e. the ankle has a maximum torque it
is capable of producing due to physiology whilst the actuators of
a SRT are chosen based on a specification.

Typically, it is desired to accelerate a robot between two points
in a particular direction v. This can be ascertained from the manip-
ulability ellipsoid, i.e. the distance from the centre of the ellipsoid
to the intersection point on its surface in the desired direction as
illustrated in Fig. 2. The following distance metric can be derived
[28],

𝛿 =
∥v∥√︁

v𝑇𝚲−1v
(11)

which is the maximum acceleration in the desired direction phys-
ically achievable with the actuator combination. Along with the
eigenvalues 𝜆 of 𝚲, 𝛿 will allow for a quantitative comparison to
be made between SRTs .

3 One-dof Tails
Three potential one-dof SRTs are proposed; a linear counter

mass (LCM), reaction wheel (RW) and swinging arc (Arc) tails as
illustrated in Fig. 3 with the RW taking inspiration from [13,14] and
Arc from [16]. In particular, interest lays in the method upon which
the three proposed kinematic structures of the tails augment human
balance and if an optimal structure exists. The three concepts all
entail a fixed length posterior mounting. The LCM tail consists
of a rail mounted perpendicular to the human’s trunk. A mass
slides along the rail to create the counter-balance torque. The RW
concept is similar to the LCM; however, at the distal end a reaction
wheel is attached that uses the principle of precession to create the
counter-acting torque. The Arc concept attaches to the trunk via a
revolute joint to create a swinging arc to counteract the instability
induced by gravity.

3.1 Parameter and Frame Assignment . The parameters of
the three one-dof robotic tails are illustrated in Fig. 3. For the linear
counter mass and reaction wheel tails, the fixed rail is considered
to be kinematically part of the same rigid body as the human. The
rail is of length 𝑙𝑡 , mounted at a height ℎ𝑡 and of mass 𝑚𝑡 . For the
LCM, a moving frame F2 is attached to the counter mass which
is modelled as a point mass 𝑚𝑐 , i.e. 𝐼𝑐 = 0, and has a stroke of

Journal of Mechanisms and Robotics PREPRINT FOR REVIEW / 3



(a) Linear Counter Mass (LCM)
SRT: linear motion of a sliding
counter mass mc counters the
unstable gravitational torque

(b) Reaction Wheel (RW) SRT:
the principle of precession
spins a wheel of mass mw

to counter the gravitational
torque

(c) Arc SRT: rotational motion
of a swinging limb of mass mt

counters the unstable gravita-
tional torque

Fig. 3 The three one-dof supernumerary robotic tails (SRTs) with their associated kinematic parameters, where q1 and repre-
sents the ankle angle and q2 the controlled variable of the tail. Centre of Mass (CoM) of the individual segments and overall
system are indicated as orange and blue ⊗ respectively.

length 𝑑𝑐 . The RW tail has moving frame assigned at the origin
of the wheel of fixed radius 𝑟𝑤 and mass 𝑚𝑤. The arc tail is
mounted on the human at height ℎ𝑡 , with length 𝑙𝑡 and mass 𝑚𝑡

with the moving frame F2 assigned at the mounting point. The
transformation 1T2 and values associated with the mass, inertia
and fixed length parameters used in simulation for the three one-
dof tails are tabulated in Table 2. The matrices associated with Eq.
(3), i.e. M𝑞 , C𝑞 and G𝑞 , along with the kinematic model given by
the Jacobian relationship of Eq. (7) are provided in [Supplemental
Material pdf].

Table 2 The geometric and mass parameters for the three
one-dof SRTs with respect to Fig. 3. Distances have units of
metres and mass in kilograms; ci = cos qi ,si = sin qi

Tail Geometric Mass 1T2

LCM
ℎ𝑡 = 0.997

𝑙𝑡 = 0.9

𝑚𝑡 = 1

𝑚𝑐 = 4

𝐼𝑡 =
𝑚𝑡 𝑙𝑡

2

12

⎡⎢⎢⎢⎢⎣
1 0 ℎ𝑡
0 1 𝑑𝑐
0 0 1

⎤⎥⎥⎥⎥⎦
RW

ℎ𝑡 = 0.997

𝑟𝑤 = 0.1

𝑚𝑡 = 1

𝑚𝑤 = 4

𝐼𝑤 =
𝑚𝑤𝑟𝑤

2

2

⎡⎢⎢⎢⎢⎣
−𝑠2 −𝑐2 ℎ𝑡
𝑐2 −𝑠2 𝑙𝑡
0 0 1

⎤⎥⎥⎥⎥⎦
Arc

ℎ𝑡 = 0.997

𝑙𝑡 = 0.9

𝑚𝑡 = 5

𝐼𝑡 =
𝑚𝑡 𝑙𝑡

2

3

⎡⎢⎢⎢⎢⎣
𝑐2 −𝑠2 ℎ𝑡
𝑠2 𝑐2 0
0 0 1

⎤⎥⎥⎥⎥⎦
3.2 Stationary Point . The linearisation of the dynamics of

the human-tail systems requires an appropriate stationary point
to be defined. With respect to the SIP model of human stance
and Fig. 1, upright posture correlates to an ankle angle 𝑞̄1 = 0.
Enforcing static balance of gravitational torques about the ankle;

the stationary point for the linear counter mass, reaction wheel and
arc tails respectively are

𝑚𝑐 𝑞̄2 = 𝑚𝑎𝑙𝑎 + 𝑚𝑙 𝑙𝑙 −
1
2
𝑚𝑡 𝑙𝑡 (12a)(︃

𝑚𝑤 + 1
2
𝑚𝑡

)︃
𝑙𝑡 = 𝑚𝑎𝑙𝑎 + 𝑚𝑙 𝑙𝑙 (12b)

𝑚𝑡 𝑙𝑡 sin 𝑞̄2 = 𝑚𝑎𝑙𝑎 + 𝑚𝑙 𝑙𝑙 (12c)

It is clear that for the LCM and Arc, the stationary value 𝑞̄2 is
explicitly evident in Eqs. (12a) and (12c), and a unique solution
in terms of the geometric and mass parameters can be determined
which is not the case for the RW, i.e. Eq. (12b). This is due to the
kinematic nature of the tail, a spinning wheel at a fixed point, and
hence the associated stationary point 𝑞̄2 is 0. However, a design
constraint on the mass of the wheel and the length of the tail is
enforced, i.e. not both can be explicitly defined. Hence, the mass
𝑚𝑤 is selected and 𝑙𝑡 abides Eq. (12b). This does not mean a
different length of RW tail is not possible; it theoretically implies
that if a value of 𝑙𝑡 that does not satisfy Eq. (12b) is chosen, the
wheel will need to be spinning, i.e. ̇̄𝑞2 ≠ 0. Further, from Eq.
(12c) a design constraint is imposed on the mass of the arc tail
i.e. 𝑚𝑡 𝑙𝑡 ≥ 𝑚𝑎𝑙𝑎 + 𝑚𝑙 𝑙𝑙 . Hence, it is clear that in the design of a
one-dof SRT, the parameters must obey design constraints which
are dependent on the mass of the load being held and its distance
from the torso. Further, from a quiet standing perspective there is
a unique pose of the human-tail system to maintain static balance.

3.3 Simulation and Assessment . A simulation was con-
ducted to assess the performance of the three one-dof robotic tails
to balance a human. The parameters of the human and tail utilised
are as tabulated in Tables 1-2. Research has shown that 10 kg or
greater mounted at the pelvis can be detrimental to the motion of a
human [29]; hence, the total mass of the augmenting tails was set
at 5 kg with fixed length of 0.9 m. Full state feedback controllers
were developed to regulate the system to the stationary point. The
specification of the closed loop behaviour was set to be the same
for the three tails for comparison reasons. Specifically, a domi-
nant pair of poles with settling time of 4 s and damping ratio 0.8,
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with the non-dominant poles being placed 10 times away from the
dominant pair.

The systems were simulated such that the CoM of the human
was about to exceed the base of support. This correlated to an an-
kle angle 𝑞1 = 8◦ and the tails were held in the configuration that
corresponds to their stationary point. Hence, x0 = [8, 0, 0, 0]𝑇 .
The time domain profile of the ankle for the three SRTs is shown
in Fig. 4. It is evident that the linear counter mass and arc tails
result in relatively smooth transition in ankle angle back to upright
stance. However, for the reaction wheel tail, there is a large neg-
ative displacement of the ankle before the system settles back at
the stationary point.The global system CoM, illustrated in Fig. 4,
takes longer to settle for the Arc tail which is due to the rotational
nature changing the y-coordinate of the tail’s CoM. The motion
of the human-tail systems can be viewed in [Supplemental Video].
The first two columns of Fig. 5 further reinforce these differences
whereby the first column illustrates the displacement phase of the
global CoM (i.e. total displacement the CoM undergoes from start
to finish and associated velocity) and the second column the asso-
ciated sagittal plane trajectory. As can be ascertained from these
plots, the maximal linear velocity of the global CoM of the LCM
and arc SRTs (0.6-0.75 ms−1) and the displacement phase portraits
are similar. However, the reaction wheel has a completely differ-
ent phase portrait highlighting a significant lean of the global CoM
backwards before heading towards the stationary point. Further,
the system velocity is much larger than the other two tails for the
same closed loop system specification, i.e. around -2.75 ms−1.

The displacement phase results can be verified by the trajectory
of the global CoM in the sagittal plane, shown in the second column
of Fig. 5. From this, it can be seen that the RW system travels along
the same path that created the lean before it settles at the stationary
point whereas the LCM and Arc are more direct, i.e. they travel
to the stationary point in a more efficient manner. The difference
between the trajectories of the three tails to the stationary point is
significant in terms of human balance. While the arc and linear
counter mass systems undergo around 0.15 m CoM displacement
from start to finish, the reaction wheel has a maximal displacement
of 0.3 m from the rest point, and traverses back and forth. This
instigates a backward lean which would physically lead to a human
falling, i.e. the path is extremely undesirable and unsafe.

The previous analysis did not assess the motion of the three
one-dof SRTs. Due to the kinematic dissimilarity of the tails a
unified approach for comparison is required. The third and fourth
columns of Fig. 5 illustrate the motion that the CoM of the three
tails undertake, i.e. the displacement phase orbit of the CoM and
the trajectory in the sagittal plane respectively. Considering the
phase orbit plots, the displacement from the initial configuration is
lowest for the reaction wheel, then the arc and linear counter mass.
This is to be expected as the CoM of the RW does not change
location with respect to the human body. Contrary to the global
CoM, the velocity of the tails was higher for the LCM and Arc
while the reaction wheel CoM had the same magnitude angular
velocity as its CoM which is kinematically expected. Further, the
displacement orbit of the RW is essentially identical to the global
CoM. For the LCM and Arc, the counter mass travels further from
the rest point than the arc (1.6 against 1.4 m) and both follow
essentially a clockwise periodic transition from start to finish.

The sagittal plane trajectory of the tails undergo greatly differ-
ent paths as can be seen in column 4 of Fig. 5. In this figure,
the trajectory of two key points are also shown, correlating to key
physical landmarks that the CoM of the tail cannot cross. For the
reaction wheel and arc tail, these two points are the CoM of the
human and the head; whilst for the LCM, they are the CoM of the
human and the distal end of the rail. What can be ascertained from
the trajectory plot of the tail CoMs is that the RW and Arc do not
collide with the body to balance the system. However, the counter
mass slides off the end of the rail, requiring large displacement
to balance the system. Hence, whilst the linear counter mass op-
tion provides an efficient path of the global CoM to the stationary

Fig. 4 Ankle (top) and global cartesian system CoM (middle-
bottom) profiles stabilised with the Linear Counter Mass (LCM),
Reaction Wheel (RW) and Arc SRTs

point, it does so by violating physical constraints. This observation
coupled with the reaction wheel inducing a significant tilt back to
provide balance, means the Arc SRT is the optimal one-dof robotic
tail to augment human balance.

The prior discussion focussed on the kinematic aspects of the
tails. To properly understand those results and the underlying abil-
ity to augment human balance with an active tail, it is imperative
to investigate the dynamics of the systems utilising manipulabil-
ity analysis. As the ankle is greater at producing plantar-flexion
moments (average of around 100 Nm for an adult), the average
dorsi-flexion value of 30 Nm [30] was selected to represent the
passive capabilities of the ankle in the manipulability assessment.
Assuming an appropriate transmission can be designed, the actu-
ators of the tail were assumed to have maximums correlating to
this, i.e. for the RW and arc 30 Nm and 30 N for the LCM.

Manipulability ellipses were assessed according to the initial
condition and pose of the previous simulations. Figure 6 illustrates
the configuration of the three human-tail systems and the associated
manipulability ellipses, with Table 3 reporting the eigenvalues of
the manipulability matrix 𝚲, the distance 𝛿 and associated dynamic
and Jacobian matrices. For this analysis, 𝛿 was in the direction that
originated in the pose that was about to exceed the BoS towards the
desired pose of upright stance, i.e. ability to accelerate in a straight
line. It is evident that the potential for the LCM and RW tails to
accelerate the CoM in multiple directions is diminished as the
ellipses are straight lines. Further, as their 𝛿 = 0, it is not possible
to directly accelerate towards upright stance, irrespective of control
law. However, the arc SRT has two non-zero eigenvalues, defined
manipulability ellipse and is capable to accelerate to upright stance.

Clearly the reason for the difference in the trajectory response
and manipulability is due to the kinematic structure J and the
dynamics via the generalised inertia M𝑞 . From investigation of
Jacobian matrices in Table 3, it can be seen that the second column
of J for the reaction wheel is 0, i.e. the Jacobian is singular for
all configurations and the twist of the CoM is independent of the
angular velocity of the reaction wheel. This is not the case for the
LCM and arc. Investigating M𝑞 , the coupling inertia term (off-
diagonal) is of particular interest as it links the motion between the
rigid bodies. For the LCM and RW, these terms are constant i.e.
they are dependent on the design parameters and independent of
configuration. For the LCM, this depends on the counter-mass or
the height of the mounting point while for the RW it is dependent
on the inertia of the wheel, i.e. its radius and mass [Supplemental
Material pdf]. For the arc SRT, the coupling inertia term varies
with the configuration of the tail. Therefore, it can be deduced that
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Fig. 5 Comparison of the displacement and trajectory orbits of the three one-dof SRT systems. Top-bottom: Linear Counter
Mass (LCM); Reaction Wheel (RW); Arc. From (l-r): displacement orbit of the global CoM; sagittal plane trajectory of global CoM;
displacement orbit of the tail CoM; sagittal plane trajectory of tail CoM and key physical landmarks (MT are marked in Fig. 3).
The ◦ and × indicate the start and finish points, respectively.

(a) Linear Counter Mass (LCM) SRT

(b) Reaction Wheel (RW) SRT

(c) Arc SRT

Fig. 6 Manipulability ellipses of the one-dof SRTs when at an
ankle angle q1 = 8◦ (inset shows configuration).

variable coupling inertia is critical for a supernumerary robotic
tail as it creates an efficient reaction force between the tail and
human body. However, maximising this reaction force could have
consequences on the human body. Overall, the manipulability
analysis has provided theoretical reasoning to why the arc tail is
the optimal one-dof SRT for augmenting human balance.

4 Two-dof Tails

Based on the analysisin the previous section, the two-dof su-
pernumerary tails investigated in this section are limited to planar
SRTs with revolute joints. These are a planar two-dof serial linkage
(PS2), and the closed loop five bar linkage (FB). Rotational mo-
tion is used to counteract gravity effects; however, the serial versus
closed-loop structure of the two tails mean differing workspace and
force capabilities which could alter the ability to augment balance.

4.1 Parameter and Frame Assignment . The kinematic
structure and parameters of the two-dof tails are illustrated in Fig. 7.
The PS2 tail is an extension of the arc tail with an extra link at-
tached by an actuated revolute joint to the distal end of the first.
The tail is mounted on the human at height ℎ𝑡 , with lengths 𝑙𝑡𝑖 and
mass 𝑚𝑡𝑖 , 𝑖 = 1, 2. Frame F2 is assigned at the mounting point
to the human and F3 at the revolute joint connecting the two tail
segments. The five-bar SRT consists of two PS2 limbs which are
connected via a revolute joint at the free ends; forming a closed
loop. As the five-bar linkage has two-dof, only two of the joints
are actuated with the others passive. With respect to Fig. 7(b),
joints corresponding to angles 𝑞𝑖𝑎 are actuated and 𝑞𝑖𝑏 passive
(𝑖 = 2, 3). The first limb of the five-bar tail is mounted at a height
ℎ𝑡 and the second a further distance 𝑑3 away. For both two-dof
tails, the links’ mass is distributed at their respective midpoints ,
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Table 3 Dynamic manipulability assessment of the three one-dof SRTs

Tail 𝛿
[︁
𝑚𝑠−2]︁ 𝜆

[︁
𝑚𝑠−2]︁ M𝑞 G𝑞 J

LCM 0
𝜆1 = 0.398

𝜆2 = 0

[︃
109.1 3.988
3.988 4

]︃ [︃
−111.5
5.461

]︃ [︃
−1.005 −0.043
0.141 0.006

]︃
RW 0

𝜆1 = 0.498

𝜆2 = 0

[︃
109.1 0.02
0.02 0.02

]︃ [︃
−113.9

0

]︃ [︃
−0.8962 0
0.1259 0

]︃
Arc 0.3491

𝜆1 = 0.568

𝜆2 = 0.169

[︃
120.6 9.020
9.020 5.4

]︃ [︃
−132.7
−20.87

]︃ [︃
−1.044 −0.043
0.147 −0.0231

]︃

i.e. 𝐼𝑖 =
1
12𝑚𝑖 𝑙𝑖

2, with mass of a two-dof PS2 limb obeying

𝑚𝑖 =
𝑙𝑗𝑚𝑡

𝑙𝑖 + 𝑙𝑗
𝑚𝑗 =

𝑙𝑖𝑚𝑡

𝑙𝑖 + 𝑙𝑗
(13)

for (𝑖, 𝑗) = (𝑡1, 𝑡2), (2𝑎, 2𝑏), (3𝑎, 3𝑏) . The frame transforms and
values of the physical parameters are tabulated in Table 4.

(a) Planar Serial Two-dof (PS2) SRT: rotational motion of a two-dof planar
linkage with controlled angles q2 and q3 alter the CoM of the tail to counter
the unstable gravitational torque

(b) Five Bar (FB) SRT: a closed loop linkage consisting of four segments with
controlled angles q2a and q3a (q2b , q3b are passive). The combined CoM
of the tail segments are used to counter the unstable gravitational torque.

Fig. 7 The kinematic parameters of the two-dof SRTs where
the CoM of the individual segments and overall system are in-
dicated as orange and blue ⊗ respectively.

The open loop kinematic structure of the PS2 tail means that
the CoM Jacobian and inverse dynamic model are readily derived
using elementary techniques. For the five-bar tail, the closed loop
imposes kinematic constraints. Whilst the CoM Jacobian can be
readily derived in terms of all the joint rates of the system, the
passive joint rates should be determined in terms of the active rates.
As such, the dynamics of the five-bar SRT should be derived solely
in terms of the active joint rates. The dynamic matrices related to
Eq. (3) for the two-dof SRTs and algorithm to obtain the dynamics
of the five-bar SRT are provided in [Supplemental Material pdf].

4.2 Stationary Point . For the one-dof robotic tails, a unique
stationary point is achieved given prescribed values for tail lengths
and mass. With two-dof SRTs, the CoM of the tails are

0s𝑃𝑆2 =
𝑚𝑡1

0s𝑡1 + 𝑚𝑡2
0s𝑡2

𝑚𝑡1 + 𝑚𝑡2
(14a)

0s𝐹𝐵 =
𝑚2𝑎

0s2𝑎 + 𝑚2𝑏
0s2𝑏 + 𝑚3𝑎

0s3𝑎 + 𝑚3𝑏
0s3𝑏

𝑚2𝑎 + 𝑚2𝑏 + 𝑚3𝑎 + 𝑚3𝑏
(14b)

where 0s𝑖 are the position co-ordinates of the CoM of body 𝑖.
Generalising the x and y co-ordinates of Eq. (14) as 𝑠𝑥 and 𝑠𝑦
respectively, the static balance equation is

𝑠𝑥 = −𝑚𝑎𝑙𝑎 + 𝑚𝑙 𝑙𝑙

𝑚𝑡
(15)

i.e. the x-coordinate of the tail’s CoM is defined.
Despite 𝑠𝑥 being completely defined by Eq. (15); from Eq (14)

it is clear the transformation to joint space is not unique, i.e. there
are multiple stationary points due to the kinematic redundancy of
the extra-dof. Hence, the y-coordinate of the tail CoM is free
to be positioned as a result. This is a significant advantage over
the one-dof tails, as it allows for adaptation of an SRT to different
environments and flexibility in the selection of the length and mass
of the tail segments. A selection criteria is required to select
stationary points which can be based on workspace environment ,
dynamic manipulability in a neutral position or the configuration
that has maximal acceleration in a particular direction 𝛿 given by
Eq. (11). However, solving for suitable stationary points of the two
proposed two-dof SRTs is not a trivial exercise with the algorithms
used provided in [Supplemental Material pdf].

4.3 Simulation and Assessment. Simulation of the two-dof
supernumerary tails was conducted using the parameters in Tables
1 and 4. The length of the PS2 limbs was chosen to sum to 0.9
m, consistent with the length of the one-dof arc and LCM tails.
The segments closest to the human body were set to be twice the
length of the distal tail segments. Similarly, the total mass of the
segments of the two-dof SRTs was chosen to be 5 kg as with the
one-dof cases. The mass distribution between tail segments was
chosen to bias the tail CoM towards the distal end, i.e. the distal
segments of tails were heavier, obeying Eq. (13).
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Table 4 The geometric and mass parameters for the two-dof SRTs with respect to Fig. 7. Distances have units of metres and
mass in kilograms

Tail Geometric Mass 𝑖T𝑗

PS2

ℎ𝑡 = 0.997

𝑙𝑡1 = 0.6

𝑙𝑡2 = 0.3

𝑚𝑡1 = 1.667

𝑚𝑡2 = 3.333

1T2 =

⎡⎢⎢⎢⎢⎣
𝑐2 −𝑠2 ℎ𝑡
𝑠2 𝑐2 0
0 0 1

⎤⎥⎥⎥⎥⎦
2T3 =

⎡⎢⎢⎢⎢⎣
𝑐3 −𝑠3 𝑙𝑡1
𝑠3 𝑐3 0
0 0 1

⎤⎥⎥⎥⎥⎦

FB

ℎ𝑡 = 0.997

𝑑3 = 0.3

ℎ2 = ℎ𝑡

ℎ3 = ℎ𝑡 + 𝑑3

𝑙𝑖𝑎 = 0.6

𝑙𝑖𝑏 = 0.3

𝑚𝑖𝑎 = 0.8333

𝑚𝑖𝑏 = 1.667

1T𝑖𝑎 =

⎡⎢⎢⎢⎢⎣
𝑐𝑖𝑎 −𝑠𝑖𝑎 ℎ𝑖
𝑠𝑖𝑎 𝑐𝑖𝑎 0
0 0 1

⎤⎥⎥⎥⎥⎦
𝑖𝑎T𝑖𝑏 =

⎡⎢⎢⎢⎢⎣
𝑐𝑖𝑏 −𝑠𝑖𝑏 𝑙𝑖𝑎
𝑠𝑖𝑏 𝑐𝑖𝑏 0
0 0 1

⎤⎥⎥⎥⎥⎦
To allow for comparison with the one-dof cases, the same initial

condition scenario was utilised, i.e. an ankle angle 𝑞1 = 8◦ and the
tails held in the configuration of the stationary point. The dynamic
manipulability metric 𝛿 given by Eq. (11) was used to select
the staionary point, i.e. configuration with the greatest ability to
accelerate the global CoM from the initial condition of 𝑞1 = 8◦
to 𝑞1 = 0◦. With the addition of a dof, the two-dof SRT system
equations have 6 states opposed to 4 of the one-dof tails. For
comparison with the one-dof cases, the dominant pair of poles was
chosen the same, i.e. settling time of 4 s and damping ratio 0.8.
Two pairs of non-dominant poles were specified at being 5 and 10
times away from the dominant pair. Full state feedback controllers
were developed according to the theory in [31]. Bounds were
applied on the states related to the actuators of the tails to ensure
that the tails did not interfere with the human body, and limitations
associated with local linearisation of highly non-linear dynamical
systems. The PS2 limits were set at 𝑞 (2,3)𝑙𝑖𝑚 = [−80◦, 80◦] and
the FB at 𝑞2𝑎,𝑙𝑖𝑚 = [−12.5◦, 25◦], 𝑞3𝑎,𝑙𝑖𝑚 = [−25◦, 12.5◦].

The time domain profile the ankle undergoes with the two-dof
SRTs is shown in Fig. 8. Both tails engage in a smooth transi-
tion of the ankle from the initial condition back to upright stance.
Compared to the one-dof tails, the profile is more ideal as there
are no lean forwards/backwards or deviations that are evident with
the one-dof SRTs. Further, both two-dof SRTs allow for the an-
kle angle to settle quicker than the one-dof tails, i.e. the primary
objective of upright stance is achieved more efficiently with the
two-dof SRTs. This is also the case for the x-coordinate of the
global CoM. Within the two-dof SRTs, it can be ascertained from
Fig. 8 that the five-bar tail allows for the ankle angle to return to its
stationary point in shorter duration than the PS2 tail. The motion
of the two-dof systems can be viewed in [Supplemental Video].

Investigating the first two columns of Fig. 9 allows for insight
into the trajectory undertaken by the global CoM. With respect to
the displacement phase plot in the first column, it can be asserted
that both tails undergo essentially the same overall displacement of
the global CoM, around 0.15 m. This is consistent with the one-
dof SRTs and is to be expected as the systems all start and finish
in the same configuration with respect to the dominant body, the
human. Whilst the one-dof SRTs undergo a continuous trajectory
from start to finish, the two-dof tails do not, as can be seen in the
second column of Fig. 9. For both tails, there is an initial accel-
eration of the CoM before a sudden stop and change in direction.
Intuitively, these sudden stops coincide with reaching the limits
on the range of motion of the joint(s) of the tail. Further, these

Fig. 8 Ankle (top) and global cartesian system CoM (middle-
bottom) profiles stabilised with the Planar Serial Two-dof (PS2)
and Five-Bar (FB) SRTs

changes in directions of the global CoM are reflected as spikes in
the displacement phase plots in column one which are not apparent
for the one-dof SRTs.

Nevertheless, whilst the one-dof tails incorporate a lean or tilt
opposing the desired direction of global CoM motion (i.e. the
loop in the trajectory plots of the LCM and arc SRTs), the two-dof
Human-Tail systems go from start to finish in a relatively smooth
manner, i.e. motion pointed from the start to finish point through-
out. Further, it can be gathered from the global CoM trajectory that
the five-bar SRT has essentially decoupled returning to the state of
upright stance, and returning the tail to its stationary configuration.
This is apparent as the global CoM reaches an x-displacement of 0
(i.e. upright stance) before the final resting point, with the trajec-
tory traversing the y-axis in the final stages. This can be attributed
to the limits enforced on the FB tail joints; essentially showing
there is sufficient momentum and holding torque to achieve up-
right stance even if the tail is held stationary for a period. Contrar-
ily, the PS2 tail has a more co-ordinated return to the stationary
point. This can explain why the ankle angle settles quicker with
the five-bar SRT than the PS2.
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Fig. 9 Comparison of the phase and trajectory orbits of the two-dof SRT systems. Top-bottom: Planar Serial Two-dof (PS2);
Five-Bar Linkage (FB). From (l-r): displacement orbit of the global CoM; sagittal plane trajectory of global CoM; displacement
orbit of the tail CoM; sagittal plane trajectory of tail CoM and key physical landmarks (Mi are marked in Fig. 7). The ◦ and ×

indicate the start and finish points, respectively.

The respective motion of the two-dof robotic tails CoM to aug-
ment balance is illustrated by the displacement phase orbit and
sagittal plane trajectory in the third and fourth columns of Fig. 9.
From column three, the five-bar SRT almost immediately reaches
two joint limits as indicated by the two spikes, i.e. the two inde-
pendent limbs. The tail immediately reconfigures and provides a
reactive moment to counter the gravitational torque. However, at
around 0.2 m, another limit is reached and the tail is held in this
pose as inferred from the velocity dropping to 0. The momentum
in the system at this stage, however, is sufficient to account for the
instability caused by gravity and motion continues towards upright
stance. Comparatively, the PS2 tail changes its CoM in an initial
arc like trajectory before reaching a joint limit as indicated by the
velocity reaching 0. The braking of the PS2 tail does not cause the
system to become unstable and upright stance is achieved. Further,
the tails undergo similar levels of velocity; a maximum 8-10 ms−1.

Scrutinising the overall displacement of the tail CoMs, there
is a noticeable difference. The PS2 undergoes a maximum dis-
placement from its final resting position at the stationary point of
0.86 m. The five-bar, however, has maximum tail CoM displace-
ment of 0.2 m, i.e. it returns the system to the stationary point
utilising 23% of the displacement of the PS2 tail. Investigating
column four of Fig. 9 which shows the sagittal plane trajectory of
the tail with key landmarks (Human CoM and Head for PS2; the
tail mounting points for the FB), it can be seen that neither tails in-
terfere with the body. Further, it can be seen that the five-bar SRT
undergoes a smaller displacement; which is also valid when com-
paring to the one-dof cases. This phenomena of the two tails can
be attributed to the properties of open versus closed loop mech-
anisms. Due to the kinematic structure, open-loop mechanisms
naturally have a large workspace. However, the kinematic con-
straints imposed in a closed-loop linkage, makes the system more
rigid. Thus, despite having a smaller working area, the added
rigidity of a closed-loop linkage enhances its force generating ca-
pabilities. Hence, a reason why the FB tail requires a significantly
smaller working area to augment balance compared to the PS2.

To gain further insight into the two-dof tails, dynamic manipu-
lability was assessed according to the initial condition and pose of
the previous simulations. The ankle torque was set at 30 Nm with
the two actuators of the tail set at 15 Nm, i.e. the value used for
the one-dof SRTs was distributed between the two actuators. The
manipulability ellipses of the PS2 and five-bar SRTs are shown in
Fig. 10 with the eigenvalues of the manipulability matrix 𝚲, the
acceleration metric 𝛿 (towards upright stance) and dynamic matri-

(a) Planar Serial Two-dof (PS2) SRT

(b) Five-Bar (FB) SRT

Fig. 10 Manipulability ellipses of the two-dof SRTs when at
q1 = 8◦ (inset shows configuration).

ces tabulated in Table 5. Both tails have two non-zero eigenvalues
associated with 𝚲 and thus are able to directly accelerate towards
the stationary point. The ability to do so is greater for the PS2
tail; 0.62 ms−2 opposed to 0.52 ms−2 for the FB tail; greater than
the 0.349 ms−2 of the arc tail. Thus, the two-dof tails are more
manipulable than the best one-dof option.

It is not apparent from investigation of M𝑞 and J that define 𝚲
what causes the difference in available acceleration between tails.
The pose of the tails were chosen to maximise acceleration of the
global CoM towards the stationary point from the initial condition,
i.e. the 𝛿 values reported are maximal for the specific configuration
and direction. From Fig. 10, it can be seen that the acceleration in
the desired directions are essentially along the major axes of the
ellipses. This is verified from the eigenvalues 𝜆 of the two tails
reported in Table 5. The major axis of the PS2 tail has length
0.631 ms−2, i.e. the 𝛿 = 0.62 ms−2 is almost entirely along
this axis. Comparatively, the major of the FB ellipse has length
0.791 ms−2 with the 𝛿 = 0.52 ms−2 slightly off this axis. For the
minor of the two ellipses, the five-bar SRT is larger at 0.515 ms−2
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Table 5 Dynamic manipulability assessment of the two-dof SRTs

Tail 𝛿
[︁
𝑚𝑠−2]︁ 𝜆

[︁
𝑚𝑠−2]︁ M𝑞 G𝑞 J

PS2 0.620
𝜆1 = 0.631

𝜆2 = 0.446

⎡⎢⎢⎢⎢⎣
107.6 −0.8 −0.414
−0.8 1.962 0.331
−0.414 0.331 0.1

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
−126.1
−27.4
−4.675

⎤⎥⎥⎥⎥⎦
[︃
−0.992 0.009 −0.002
−0.140 −0.030 −0.005

]︃
FB 0.520

𝜆1 = 0.791

𝜆2 = 0.515

⎡⎢⎢⎢⎢⎣
105.2 −1.412 0.895
−1.412 1.571 −0.660
0.895 −0.660 1.138

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
−135.6
−17.64
−6.334

⎤⎥⎥⎥⎥⎦
[︃

0.947 −0.002 −0.002
−0.162 −0.028 −0.002

]︃

against 0.446 ms−2 for the PS2. In general, manipulability of a
configuration can be defined as the ratio of the eigenvalues, the
closer to unity the more manipulable. Using this definition, the
PS2 tail is superior to the five-bar tail, 1.415 to 1.536. However,
the ratio does not take into account the acceleration magnitudes.
In this respect, the five-bar has larger major and minor axes. Thus,
with ankle angle of 8◦, the PS2 tail has the greatest available
acceleration to directly accelerate the global CoM to upright stance;
however, the FB tail has greater manipulability to accelerate the
global CoM in multiple directions due to its larger principal axes.

It was observed that the five-bar supernumerary tail achieves
upright stance the quickest of the two-dof tails despite using 23%
of the range of the PS2. From inspection of the gravity torque
vector in Table 5, it also has larger gravity effects. However, it
is the inertia matrix M𝑞 that is critical, with the coupling inertia
terms (i.e. off diagonals) close to 50% higher for the five-bar tail.
This can be attributed to the kinematic structure, i.e. the closed
loop of the five-bar increases the coupling inertia as the passive
bodies are projected into the active space. A more rigid mechanism
with greater force capabilities results, hence a reason why the FB
tail achieves upright stance with a smaller motion than the PS2.
Further, from Table 4, while the total mass of the two-dof tails are
the same at 5 kg; the individual links of the FB tail are lighter
than the PS2 counterparts. This implies that coupling inertia is not
simply increased by utilising heavier links; it is heavily dependent
on the kinematic mechanism.

The primary objective of this investigation was to gain in-
sight into the mechanical characteristics of potential supernumerary
robotic tails, not the most optimal way to automatically augment
balance or actuator requirements. Hence, a simple LTI control al-
lowed for useful comparison between designs. However, it is clear
that from the results that a state regulator and pole placement spec-
ification is not the ideal controller for a robotic tail, particularly for
the two-dof cases. To best use the redundant dof, a control law that
makes use of the null-space of the system dynamics would be bet-
ter which would allow for task-space trajectories between desired
global CoM positions to be chosen. The redundancy can then be
exploited to minimise the actuation requirements or a metric based
on the kinematic or biomechanical state of the human.

A further issue with the state regulator concerns its suitability
for the closed-loop five-bar SRT. The state regulator has no sense of
the task-space configuration of the five bar mechanism, i.e. whether
limb interference or a parallel singularity has occurred is not ac-
counted for. As such, strict limits needed to be applied for the FB
compared to the PS2; resulting in discontinuities in the trajectory.
However, the results show that with more appropriate control, such
discontinuities in the trajectory could easily be avoided.

4.4 Use Case Scenario. The open loop nature of the PS2
gives it an advantage in manufacture and control terms compared
to the FB tail. As such, it is considered the most viable form of
a potential supernumerary robotic tail for balance augmentation.
The previous analysis was focussed on a large displacement of the
ankle; however, the purpose of an SRT is to avoid such a position
occurring. In all likelihood, such a displacement is caused via an
external force disturbance. A potential scenario in which an SRT
could be utilised is by industrial workers in a warehouse setting

carrying loads. In the previous simulations, it was assumed that
the wearer of the tail was holding a 5 kg load with the dynamics
linearised about this point. As such, it can be assumed that this
is considered ‘comfortable’ and the worker can maintain vertical
posture. Consider the situation where extra load of mass 𝑚+ is
suddenly added to the existing load being held. This can be con-
sidered as an external disturbance located at the user’s hand (i.e.
a pure force) which can readily be transformed to an equivalent
disturbance wrench w𝑑 at the centre of mass of the system (i.e.
the control point). Hence, the joint acceleration disturbance 𝝆 is

𝝆 = M−1
𝑞 J𝑇w𝑑 (16)

As such, the state space equation with disturbance is

ẋ = Ax + Bu + 𝝆 (17a)

y = Cx (17b)

where y represents the output of the system.
A state feedback controller utilised in the previous formulation

does not guarantee robustness against disturbances. Instead, con-
sider augmenting the system with extra states z corresponding to
the integral of the output equation, Eq. (17b), with respect to a
desired reference trajectory r, i.e.

z =

∫
y − r𝑑𝑡 =

∫
Cx − r𝑑𝑡 (18)

Considering the case of regulation (r = 0), the augmented sys-
tem can be expressed as[︃

ẋ
ż

]︃
=

[︃
A 0
C 0

]︃ [︃
x
z

]︃
+

[︃
B
0

]︃
u + 𝝆 (19)

their are 𝑚 inputs to the systems, at most 𝑚 states can be accurately
tracked. Hence, the dimension of the augmented state matrix in
Eq. (19), is at most 𝑛 + 𝑚. With respect to the SRT system and
disturbance rejection, the variable to be regulated is the angle of the
ankle with the tail joints required to reconfigure to new positions
based on the added load 𝑚+. As such, the output equation is chosen
as 𝑦 = 𝑥1 and the dimension of the augmented system is 7, adding
one integrator pole at the origin.

The results of load disturbance on the system are shown in
Fig. 11 where the disturbance is considered to vary with time and
position, i.e. it is not linearised. Two cases of added mass were
simulated, 𝑚+ = 5 (49.1 N) and 15 kg (147.2 N), with the heavier
case correlating to a total of 20 kg being held by one human, i.e.
the maximum occupationally recommended. As can be seen from
Fig. 11(a), both scenarios result in large joint disturbance accel-
erations and the tail joints immediately react with corresponding
velocity. This means that the limits of the tail are reached quickly,
causing discontinuity in the trajectory. Further, it can be seen that
once the impact of the disturbance settles, the first joint of the tail
settles at a new position, the second tail joint is held at the limit,
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(a) Response of the system states when subjected to disturbance 𝜹 (b) Torque of the two tail actuators

Fig. 11 System response of the PS2 tail when an extra mass m+ is held by the user

and the human is vertically upright. This new settled point is re-
flected by the system’s global CoM changing when load is held,
as illustrated in Fig. 12. Once the added mass is removed, the
system settles back at the stationary point. These motions can be
visualised in the [Supplemental Video].

The torque of the tail joints associated with the disturbance sim-
ulation is shown in Fig. 11(b). As can be seen, the torque profiles
rapidly increase to large magnitude as a result of the large distur-
bances and consist of discontinuities due to the tail limits being
encountered. Hence, unconventionally large power requirements
are required utilising these simulations and control implementa-
tion as a design specification. Note, that in the SRT work of [16],
a 200 W motor is used but torque requirements are not detailed.
Further, series elastic actuators (SEAs) are commonly employed
in the development of exoskeletons with Wang et al. [32] utilised
SEAs capable of delivering 100 Nm of torque and 1 kW of power
at each joint of an 8-dof exoskeleton. As such, the use of SEAs in
the mechatronic design of an SRT is suggested. With respect to the
simulations in Fig. 11(b), the large torque is two-fold. One reason
is the actual formulation of the controller; actuation and control are
intrinsically linked. State regulators do not allow for constraints
on state variables and actuation limits to be directly embedded into
the control problem; hence, hard limits are utilised which cause
discontinuities that are amplified in control. An alternative to im-
pose state constraints would be to utilise repulsive potential fields
to prevent the tail reaching forbidden regions close to the human
body. Further, model predictive control allows for limits in actu-
ation to be built into the control problem which should be further
explored for the control of an SRT.

It is to be noted that the human system modelled here is in-
herently unstable as only the mechanical stiffness of the ankle is
considered. The velocity, gains and torque associated with the tail
joints are thus larger than what would occur if infinite dimensional
neural dynamics that stabilise upright human stance are included
in control. Hence, these results show that consideration to such
neural control capability is paramount to realise physically achiev-
able design specification; particularly to align it with the 1 kW
power of SEAs utilised by [32]. Given that humans are capable
of naturally withstanding added loads and maintaining balance,
the results show the remarkable power associated with the delayed
neural controller. However, to account for this is not as simple as
increasing proportional or derivative gains, as the delayed control
implies that past history is utilised in a superposed way to create

Fig. 12 Displacement of the global system centre of mass in
a prototypical use case scenario of holding extra mass

added stabilisation torque [33]. As such, these simulations high-
light and stress the need to correctly model human capabilities in
the specification of wearable robotics as it can lead to reduced re-
quirements. This is particularly important for control development
and the correct specification of actuators, gearing transmissions,
and the geometric-inertial parameters of the wearable system.

5 Conclusion
This investigation had a simple premise of determining the fea-

sibility of a supernumerary robotic tail to augment human balance
and its optimal kinematic structure. It is apparent that variable
coupling inertia and rotational motion are imperative to counteract
the gravitational torque; with two-dof SRTs being far superior than
one-dof tails. However, the power requirements for an SRT are
of concern, with consideration to the neural control that maintains
human stability paramount to reduce overall design specification
as well as the controller implemented.

It is imperative to minimise the overall mass and associated con-
trol units of the tail. Traditionally, moving inertia of robotic ma-
nipulators is minimised and base-mounted actuation is preferred.
For a supernumerary tail, the human body acts as a floating base
and moving inertia is critical to achieve balance. However, the aim
of the design is to minimise the inertia applied to body. Hence, for
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an SRT it would be ideal to incorporate the actuators and power
supply (i.e. batteries) in the moving mass, requiring sophisticated
thought in the mechatronic design phase.

This investigation utilised fundamental analysis techniques to
determine the feasibility of augmenting human balance with a su-
pernumerary robotic tail and the best mechanical form to do so.
Through this, many key insights have been made which can be
transferred to the design stage and future potential research av-
enues in the field of SRTs have been highlighted. This analysis is
of particular importance for the design and development of phys-
ical human-robot interaction (pHRI) mechanisms, as it is impera-
tive to minimise the impact such devices have on the human body.
Hence, overall this work can lead to informed design of supernu-
merary robotic tails and be adopted in other avenues of mechanism
development, particularly pHRI.
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Supplemental Material: Dynamic Models and
Stationary Points

1 DYNAMIC MODEL

For the one-dof SRTs, the generalised inertia, corio-
lis, gravity and Jacobian matrices are respectively in the
form

Mq =

[
m11 m12

m12 m22

]
Cq =

[
η11 η12
η21 η22

]

Gq =

[
g11
g21

]
J =

1

ms

[
j11 j12
j21 j22

]
(1)

The terms for one-dof tails are,

Linear Counter Mass (LCM)

m11 = m
(
β1

2 + β2
2
)
+ Is +mc

(
h2
t + d2c

)

m12 = mcht

m22 = mc

η11 = 2mcdcḋc

η12 = 0

η21 = −mcdcq̇1

η22 = 0

g11 = − (mβ1 +mcht) s1 + (−mβ2 +mcdc) c1

g21 = mcs1

j11 = −m (β1c1 − β2s1)

−mc (htc1 + dcs1)

j12 = −mcc1

j21 = m (β1s1 + β2c1)

−mc (dcc1 − hts1)

j22 = mcs1

m = mb +ma +ml +mt

ms = m+mc

β1 =
mbhb +maha +mlhl +mtht

m

β2 =
maha +mlhl − 1

2mtlt

m

Reaction Wheel (RW)

m11 = m
(
β2
1 + β2

2

)
+ Is + Iw +mw

(
h2
t + l2t

)

m12 = Iw

m22 = Iw

η11 = 0

η12 = 0

η21 = 0

η22 = 0

g11 = −m (β1s1 − β2c1) +mw (ltc1 − hts1)

g21 = 0

j11 = −m (β1c1 − β2s1)−mw (htc1 + lts1)

j12 = 0

j21 = m (β1s1 + β2c1) +mw (hts1 − ltc1)

j22 = 0

m = mb +ma +m+mtl

ms = m+mw

β1 =
mbhb +maha +mlhl +mtht

m

β2 =
maha +mlhl − 1

2mtlt

m

Arc

m11 = m
(
β1

2 + β2
2
)
+ Is + It +mt

(
h2
t + l2t + 2lthtc2

)

m12 = mtlt
2 +mtlthtc2 + It

m22 = mtlt
2 + It

η11 = −2mtlthts2q̇2

η12 = −mtlthts2q̇2

η21 = mtlthts2q̇1

η22 = 0



g11 = − (mβ1 +mtht) s1

−mβ2c1 −mtlts1−2

g21 = mtlts1−2

j11 = −m (β1c1 − β2s1)−mt (htc1 + ltc1−2)

j12 = −mtltc1−2

j21 = m (β1s1 + β2c1) +mt (hts1 + lts1−2)

j22 = mtlts1−2

m = mb +ma +ml

ms = m+mt

β1 =
mbhb +maha +mlhl

m

β2 =
mala +mlll

m

For the two-dof SRTs, the generalised inertia, corio-
lis, gravity and Jacobian matrices are respectively in the
form

Mq =



m11 m12 m13

m12 m22 m23

m13 m23 m33


 Cq =



η11 η12 η13
η21 η22 η23
η31 η32 η33




Gq =



g11
g21
g31


 J =

1

ms

[
j11 j12 j13
j21 j22 j23

]

The terms for the Planar-Serial Two-dof (PS2) tail
are
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j13 = −1

2
mt2lt2c23−1

j21 = −1

2
(m (2β2c1 + 2β1s1) +mt1 (2hts1 + lt1s1−2)

+mt2 (2hts1 + 2lt1s1−2 − lt2s23−1))

j22 =
1

2
(lt1mt1s1−2 +mt2 (2lt1s1−2 − lt2s23−1))

j23 = −1

2
mt2lt2s23−1

m = mb +ma +ml

ms = m+mt1 +mt2

β1 =
mbhb +maha +mlhl

m



β2 =
mala +mlll

m

2 FIVE BAR SRT DYNAMICS
Due to the closed loop kinematic structure and pas-

sive joints of the five-bar SRT, a symbolic form of the dy-
namic model is difficult to obtain. To derive the dynamics
of this system, the natural-orthogonal complement was
utilised. In this appendix, the relevant matrices of the
NOC method are provided. For an overview of the al-
gorithm itself, the reader is directed to [1] and [2].

The NOC method is reliant on deriving the twist ma-
trix S which is the orthogonal complement to the kine-
matic constraints. This requires determining the twists ti
of all the bodies of the system under study, in terms of
all the joints—active and passive. These twists can be de-
rived using elementary techniques used for serial mech-
anisms such as recursion and differentiation. Hence, the
twist of each body i can be written in the form

iti =
iYiq̇ (2)

where q̇ is the vector of active (q̇a) and passive (q̇p) joint
rates. For the FB SRT system, q̇ is of dimension 5× 1.

Choosing the base frame F0 as a common frame of
reference; concatenation of Eq. (2) for the rigid bodies of
the FB tail system yields




0t1
0t2a
0t2b
0t3a
0t3b



=




0Y1
0Y2a
0Y2b
0Y3a
0Y3b







q̇1
q̇2a
q̇2b
q̇3a
q̇3b




tM = Yq̇ (3)

where Y is a 30 × 5 twist matrix. Clearly, the individual
Yi are the Jacobians for each individual rigid body with
respect to all the joint rates of the system.

The NOC method, however, requires the twists to be
expressed in terms of the active joints only. To eliminate
the passive joint rates, the manipulator Jacobian JM de-
fined at a common point such as the global CoM can be
utilised. For the Human-FB tail system, the twist of this
point can be derived in the base frame F0 in form

0tcm = 0Jcmq̇ (4)

where 0Jcm is a 2 × 5 matrix in terms of the active and

passive joints of the system, and termed as the full manip-
ulator Jacobian.

Inverting this equation, the joint rates can be deter-
mined

q̇ = 0J†
cm

0tcm (5)

where 0J†
cm is a pseudo-inverse.

For the five-bar SRT system, the joint rate vector is of
form q̇ = [q̇1, q̇2a, q̇2b, q̇3a, q̇3b]

T , where the passive joint
rates are q̇2b and q̇3b. As such, from Eq. (5), the following
two matrices can be defined

0J†
M = 0J†

cm ([1, 2, 4], :) (6)
0J†

P = 0J†
cm ([3, 5], :) (7)

where 0J†
M is a 3×2 reduced Jacobian matrix also termed

the manipulator Jacobian as it only considers the active
joint rates, i.e

q̇a = 0J†
M

0tcm (8)

Further, 0J†
P is a 2 × 2 Jacobian matrix termed the

passive joint Jacobian, i.e.

q̇p = 0J†
P
0tcm (9)

Rearranging Eq. (8) for 0tcm and substituting into
Eq. (9), the passive joint rates can be found in terms of
the active rates, i.e.

q̇p = 0J†
P
0JM q̇a (10)

Substituting Eq. (10) into Eq. (3), the twist relation-
ship becomes

tM =
(
Y (:, [1, 2, 4]) +Y (:, [3, 5]) 0J†

P
0JM

)
q̇a

tM = Sq̇a (11)

where S is the 30 × 3 twist matrix of the system, solely
with respect to the active joint rates.

With the twist matrix derived, the NOC method pro-
ceeds by determining the individual wrenches of the rigid
bodies using the Newton-Euler equation, i.e. expressed at



the frame of origin, the wrench wi is

iwi =

[
mi13 −iη̂i
iη̂i

iIi

]
iṫi +

[
03×3 −iω̂i

iη̂i

03×3
iω̂i

iIi

]
iti

−
[
mi13
iη̂i

]
ig

= Mi
iṫi +Wi

iti +Gi (12)

where the following notation is utilised,

iwi =
[
ifi

T inT
i

]T
is the wrench of the ith body

acting at the origin of Fi;
ivi and iωi are the linear and angular velocities of
the ith body with iv̇i and iω̇i the associated linear
and angular accelerations in Fi;
ig is the 3×1 vector of the acceleration due to gravity
in Fi;
mi is the mass of the ith body;
iIi is the 3 × 3 inertia matrix of the ith body in Fi,

with iIi =



XXi XYi XZi

XYi Y Yi Y Zi

XZi Y Zi ZZi


;

iηi = mi
isi = [MXi,MYi,MZi]

T are the first
moments around the origin of Fi with iη̂i being the
associated skew symmetric matrix;
isi is the 3 × 1 vector from the origin of Fi to the
centre of mass of the ith body; and
13 is the 3× 3 identity matrix.

In the case that a frame of reference different to rigid
body i’s native frame Fi is utilised, such as base frame
F0, similarity transforms must be applied to iη̂i and iIi,
i.e.

0Ii =
0Qi

iIi
0QT

i
0η̂i =

0Qi
iη̂i

0QT
i

where 0Qi is a rotation matrix.
For the five-bar SRT, the wrenches of the indi-

vidual rigid bodies are derived with respect to F0.
The individual matrices of Eq. (12) are concatenated
to form M = blkdiag ([M1,M2a,M2b,M3a,M3b])
and W = blkdiag ([W1,W2a,W2b,W3a,W3b])
which are 30 × 30 generalised matrices, and G =
diag ([G1,G2a,G2b,G3a,G3b]), a 30× 1 matrix.

The inverse dynamic model of the Human-FB tail
system in terms of solely the active joint rates can then
be derived, i.e.

Mq = STMS

Cq = ST
(
MṠ+WS

)

Gq = STG

3 STATIONARY POINTS FOR TWO-DOF SRTS
For the two-dof SRTs, the x co-ordinate of the tail’s

CoM for static balance is defined by the equation

0sx = −mala +mlll
mt

(13)

However, due to the redundant dof, the corresponding y
co-ordinate cannot be uniquely determined. In this ap-
pendix, the algorithm used to find all feasible stationary
points for the PS2 and five-bar SRTs are described.

3.1 Planar Serial Two-dof Tail
The location of the CoM of the PS2 tail is given by

0sPS2 =



0sx
0sy
0


 =

mt1
0st1 +mt2

0st2
mt1 +mt2

(14)

As the stationary point is found in upright stance, the
0sPS2 can be transformed into a frame of the tail, i.e.
imagine there is an intermediary fixed base frame F20 lo-
cated at the origin of F2. Then, in the pose corresponding
to upright stance

20sPS2 = 20T0

[
0sPS2

1

] 

20sx
20sy
0


 =




0sy
−0sx
0




(15)
Hence, in the transformed state, the task is to find

20sx. Without loss of generality, from here on, let xcm =
20sx and ycm = 20sy .

For the two links of the PS2 tail, the CoM vectors in
the frame Fi are

2s2 =




lt1
2
0
0


 3s3 =




lt2
2
0
0


 (16)

Thus, the CoM of the tail in F20 can be expressed as

xcm =
mt1lt1c2 +mt2 (2lt1c2 + lt2c23)

2mt
(17a)



ycm =
mt1lt1s2 +mt2 (2lt1s2 + lt2s23)

2mt
(17b)

where mt = mt1 +mt2.
Squaring and adding the two equations of Eq. (17),

yields

(a1xcm − a2c2)
2
+ (a1ycm − a2s2)

2
= a3

2 (18)

where a1 = 2mt, a2 = (mt1 + 2mt2) lt1 and a3 =
mt2lt2.

Equation (18) is in terms of two unknowns; xcm and
q2. As the extra-dof of the tail adds redundancy to the
system, a range of values can be set for q2 and the associ-
ated value for xcm determined. Hence, as the tail should
not interfere with the body, q2 can only range from 0 to
π. Thus, Eq. (18) can be written as a quadratic equation
in xcm,

A2xcm
2 +A1xcm +A0 = 0 (19)

where A2 = a1
2, A1 = −2a1a2c2 and A0 = a1

2ycm
2 +

a2
2 − a3

2 − 2a1a2ycms2.
Hence, the solution of xcm is readily derived from

the quadratic equation,

xcm =
−A1 ±

√
A1

2 − 4A0A2

2A2
(20)

i.e. for each value of q2, there are two potential values of
xcm.

However, for the stationary point to be feasible, the
solution to Eq. (20) must be real. That is, the discriminant
is non-negative i.e.

A1
2 − 4A0A2 ≥ 0

Further, all solutions to xcm must be above the
ground. Due to the frame transformation, this corre-
sponds to the condition

xcm > −ht

Hence, all valid locations of the tail’s CoM have been
found. The final task is to find the associated joint value
of q3 to position the CoM at this location, i.e. from Eq.

(17)

q3 = arctan

(
a1ycm − a2s2
a1xcm − a2c2

)
− q2 (21)

A suitable metric can then be utilised to select which
stationary point is used.

3.2 Five-Bar Tail
The location of the CoM of the FB tail is given by

0sFB =
m2a

0s2a +m2b
0s2b +m3a

0s3a +m3b
0s3b

m2a +m2b +m3a +m3b
(22)

As with the PS2, the CoM can be transformed from
base frame to an intermediate base frame located at the
origin of F2a,0. In this frame, the CoM of the tail has
the same transformation as Eq. (15). Hence, let xcm =
2a,0sx = 0sy and ycm = 2a,0sy = −0sx.

For the five-bar tail, the CoM of the segments of the
limbs in the frame Fi are

iasia =




lia
2
0
0


 ibsib =




lib
2
0
0


 (23)

for i = 2, 3

As there are two PS2 limbs which connect at the free
end, the tail CoM is determined by the location of the two
limbs, i.e.

xcm =
m2xc2 +m3xc3

2mt
(24a)

ycm =
m2yc2 +m3yc3

2mt
(24b)

where mt = m2+m3, mi = mia+mib for i = 2, 3 and

xci =
(mia + 2mib) liacia +miblibciaib

2mi
+ ri (25a)

yci =
(mia + 2mib) liasia +miblibsiaib

2mi
(25b)

where r2 = 0 and r3 = d3.

Squaring the two equations of Eq. (25) and adding



results in

(xci − aicia − ri)
2
+ (yci − aisia)

2
= bi

2 (26)

where ai =
(mia+2mib)lia

2mi
and bi =

miblib
2mi

Consider Eq. (24b). In this, ycm is known; however it
is dependent on the location of yc2 and yc3. Given that the
tail can not interfere with the body, let the y-coordinate
yc2 range from its minimal value of 0 to its maximum
value of l2a + l2b. Hence, yc3 is expressed as

yc3 =
mtycm −m2yc2

m3
(27)

Therefore, having chosen a value of yc2, it and yc3
are known. Thus, Eq. (26) are two decoupled equations of
two unknowns each; xci and qia for i = 2, 3. Expanding
out this equation, it can be factored as

2ai (ri − xci) cia − 2aiycisia + xci
2 + ki = 0 (28)

where ki = ai
2 − bi

2 + ri
2 + yci

2.
Utilising the trigonometric substitutions cia =

1−uia
2

1+uia
2 , sia = 2uia

1+uia
2 and uia = tan

(
q2a
2

)
; Eq. (29)

becomes quadratic in uia

A2uia
2 +A1uia +A0 = 0 (29)

where A2 = xci
2 + 2ai (xci − ri) + ki, A1 = −4aiyci

and A0 = xci
2 − 2ai (xci − ri) + ki.

Clearly, the coefficients of Eq. (29) are functions of
xci. Let xci be arbitrarily set to determine all potential so-
lutions, i.e. taking into account physical constraints and
frame transformation, the feasible region is xci ≥ −ht

1.
For a potential feasible solution to exist, however, the fol-
lowing condition based on the discriminant must be met
for the chosen values of xci

A1
2 − 4A0A2 ≥ 0

Whilst satisfaction of the above condition may guar-
antee that the CoM of limb i can be positioned at
(xci, yci), it does not guarantee that the CoM of the tail
can be positioned at ycm, nor does it guarantee a feasi-

1Note, due to computational efficiency and kinematic constraints, an
upper bound should also be placed in practice

ble configuration (x, y) of the linkage can be assembled
as it requires co-ordination with the other limb. Hence,
rather than solving for the associated variable uia, the
pair (xci, yci) is deemed viable for limb i. To determine
if it leads to a viable ycm and configuration of the mech-
anism (x, y), all the combinations of feasible (xc2, yc2)
and (xc3, yc3) need to be checked. That is, for each poten-
tial combination of pairs (xc2, yc2) and (xc3, yc3), only
the combinations that satisfy

yc =
yc2 + yc3

2

are deemed as potential stationary configurations of the
tail.

With the feasible combinations of (xc2, yc2, xc3, yc3)
determined, it needs to be checked if they lead to an at-
tainable configuration of the common end point of the five
bar linkage. The co-ordinates of this point are calculated
from

x = liacia + libciaib + ri (30a)
y = liasia + libsiaib (30b)

Rearranging Eq. (30), the qia + qib terms can be isolated
and substituted into Eq. (25) to obtain

x− 2mixci

mib
+

(2mia +mib) ri
mib

= −miliacia
mib

(31a)

y − 2miyci
mib

= −miliasia
mib

(31b)

Squaring the constituent equations of Eq. (31) and
adding, yields

(x− axi)
2
+ (y − ayi)

2
= ρi

2 (32)

where axi = 2mixci

mib
− (2mia+mib)ri

mib
, ayi = 2miyci

mib
and

ρi = milia
mib

. These are simply equations of two circles
for i = 2, 3 which must intersect for there to be a valid
configuration (x, y) of the five-bar tail. Hence, after ex-
pansion of Eq. (32) for i = 2 and subtracting the corre-
sponding expansion for i = 3 from it,

y =
2 (ax2 − ax3)x+ ϕ

2 (ay3 − ay2)
= ϵ1x+ ϵ0 (33)



where ϕ = ρ2
2 − ρ3

2 + ax3
2 − ax2

2 + ay3
2 − ay2

2.
Substituting Eq. (33) into Eq. (32) for y and i = 2, a

quadratic equation in x results

B2x
2 +B1x+B0 = 0 (34)

where B2 = ϵ1
2 +1, B1 = −2ax2 +2ϵ1ϵ0 − 2ay2ϵ1 and

B0 = ϵ0
2 − 2ay2ϵ0 + ax2

2 + ay2
2 − ρ2

2. As such, x can
be readily solved and the corresponding y determined.

With a feasible (x, y) determined for a viable set
(xc2, yc2, xc3, yc3), the corresponding joint angles qia
and qib can be found using the inverse geometric model
(IGM). The IGM is formed by taking Eq. (30) and apply-
ing the steps of Eq. (26) and Eq. (28)-(29) to it. This
yields a quadratic equation in uia with coefficients Ci

from which qia can be determined

qia = 2arctan

(
−C1 ±

√
C1

2 − 4C0C2

2C2

)
(35)

i.e. for each configuration of the five bar linkage (x, y),
there are two potential values of qia. These are termed the
working modes of leg i.

With qia known, the associated values of the passive
joints qib can be found, i.e. from Eq. (30)

qib = arctan

(
y − liasia

x− liacia − ri

)
− qia (36)

Hence, the potential stationary points of the five-bar
tail have been found. However, a further check should be
made to eliminate any viable set in which the geometry of
the configuration leads to intersection of limbs or that of
singular configurations (particularly parallel singularities
which theoretically yields an infinite force at the common
end point).
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